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Computerized symbolic computation reflects the rapid expansion of computer sciences in various
fields of science and engineering, while the studies on the liquid surfaces for rivers, oceans, aviation
kerosene, liquid propellant for rockets, etc., are of current interest. In the presence of surface ten-
sion or sea ice, and with symbolic computation, the Haragus-Courcelle-11’ichev model for surface
liquid waves is hereby investigated. Several similarity reductions are presented, some of which are
explicitly written out as exact analytic solutions having their rational expressions with respect to the

dimensionless spatial variables of the model.
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Investigations on the liquid surfaces are of interest,
such as those for rivers, oceans, aviation kerosene and
liquid propellant for rockets. In the presence of sur-
face tension or sea ice, the flexural-gravity or water-ice
waves are of practical value in such studies as those
on the damage to offshore constructions by floating ice
sheets, ice growth on structures and stress control for
the facilities built upon the ice. Readers interested in
those topics are referred to [1-7]. On the other hand,
for the gravity-capillary case, the experimental data
and theoretical results are relatively hard to be com-
pared [8, 9].

Among the intesting ones, the Haragus-Courcelle-
I’ichev model for the gravity-capillary and flexural-
gravity waves,

Uxt + (Ul + SUoox + Usooox + Uy =0,  s==£1 (1)

has recently been proposed [4, 5, 10], which is (2+1)-
dimensional and 6th-ordered, where x, y and t are di-
mensionless spatial and temporal variables and u is a
dimensionless surface deviation. Equation (1) general-
izes the Kadomtsev-Petviashvili (KP) equation to the
presence of higher order dispersive effects (caused ei-
ther by sea ice or to surface tension), and the fifth order

Korteweg-de Vries (KdV) equation to (2+1) dimen-
sions. For the standard KP equation, plane soliton so-
lutions may be unstableor stable depending on the sign
of the dispersion (hereby, sign of s). Also, [11] reports
that the higher order dispersive terms are related to the
radiation of the KdV solitons. Advanced topics on the
KP equation can be found, e. g., in [12—-17], while on
the 5th-order KdV equation, e.g., in [4,18-20].

With respect to (1) for dimensionless bond numbers
b> % and for ice plates with large initial tensions,
s= —1; otherwise s= 1. Derivations of (1) have been
given in [4] for those different cases, characterized by
different values of s. See also [5, 10] for details. [4]
presents several approximate analytic solutions, sub-
ject to either periodic or Dirichlet boundary conditions
in the direction transverse to the propagation (i. e., the
y direction), which are the travelling solitary waves
having damped oscillations and propagating in a chan-
nel (along the x-axis). The instability treatment [5]
indicates that travelling periodic waves subject to x-
homogeneous y-axis perturbations, also analytic but
approximate, are found to decay into a sequence of
parallel wave guides or channels [5], each of which
represents a wave propagating along the x axis but lo-
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calized in the y direction. The details on the types of
wave propagation, including the stability of solutions
and the presence of solitary wave solutions, can be seen
in [4,5,10]. For s= —1, [9] proposes some possibly
observable effects for soliton-like liquid wave propa-
gation in the presence of surface tension and [6] reports
the instability and collapse of waveguides on the water
surface under the ice cover. For both s= +1 cases, [7]
presents an auto-Bécklund transformation and types of
the solitonic and other exact analytic solutions, some
possibly observable effects for future experiments and
a possible way to explain the regular structure of the
open-sea ice break observations. To our knowledge, no
similarity solutions to (1) have appeared as yet.

Symbolic computation increases drastically the abil-
ity of a computer to deal exactly and algorithmically
with the analytic expressions [12, 17, 23].

In this paper we will make use of symbolic compu-
tation in the sense of [22] to construct certain similarity
reductions and rational solutions of (1).

Firstly, similar to [22], we can show that it is suffi-
cient to seek the similarity reductions of (1) in the form
of

u(x,y,t) = a(xyt) + By, ) wiz(x,y;t)],  (2)

rather than the more general form

U(X7y7t) = U{X7y7t’W[Z(X7y7t)]}7 3)

where o/(X,y,1), B(X,y,t), z(X,y,t) and w(z) are all dif-
ferentiable functions to be determined (proof ignored).
We will consider the interesting case of 8 # 0 only. (Or
else, if B =0, Ansatz 2 would turn out to be trivial,
based on which we could not get any similarity reduc-
tion.)

With the help of computerized symbolic computa-
tion, we substitute (2) into (1), to get

2W Byzy+ BW' 22 + oty + WPy + BW 2y + 052
+W 2 B+ 2Woi B+ WP Bx® + W B 2
+BW z 2+ 2BW a2+ 2 W By 2z
+4BWW Byz+ BEW 22 + o W 22
+ B2wwW' 22 + 4sw” By 23 +sBwW" z*
—|—6V\/m/ ﬂxes + ﬂ\/\///m ZXG + O +WBXt
+ BW 2 + 0 Ok + B W Otxx + 00 W By
+ BWP B+ 6SW' 22 B+ 15W" 2% Brx
+ 0 BW 2+ BPWW 2k + 12 SW By 2 Zix

+6SBW" 22 zex + 60W" B 2>
+ 15 BW"" 2% 2 + 6SW Prx 2xx
+90W" 2 B Zxx + 3SB W' 2k
+90W" By 24z + 45 BW" 2,2 21?
+45W By 2o 4 15 BW” 26 + 4SW 2 B
+ 20W" 23 Bk + B0W 2 Zx Broce
+4SW By Zox +4SPBW' 2 Zox
+ 60W" By zx? 2o + 20 BW" 23 2o
+ 60W 2 Brx Zoox + 60W” By Zex Zoxx 4)
+60 BW" 2 Zex Ziox + 20W Broox Zocx
+ 10 BW Zioi? + SOhooox + SW Broce
+ 15W’ 22 Brooo+ 15W Zyw Broo
+ SBW Zoex + 30W By Zx Zioox
+ 15 BW" 22 Zooox + 15W Brx Zrooe
+ 15 BW Zyx Zioex + BW Zx Brooocx
+ 6W By Zooox + 6 BW 2y Ziooox + Oooooc
+ W Byoooosx + BW Zooox = 0.
When we demand that (4) be an ordinary differential
equation (ODE) for w(z), the ratios of the coefficients
of different derivatives and powers of w(z) have to be

some functions of zonly. To do so, there exists a couple
of cases to be discussed separately, as follows:

z#0

For (4), we now use the coefficient of w”””, i.e.,
B z8, as the normalizing coefficient, and after the sim-
plifications get

Case A —TheFirst Reduction:

6ﬁx2x+ﬁrl(z)zx2+15ﬁzxx:0 ) (5)
SB 22 + BI3(2) z* + 1522 Pux + 60 Bx 2z Zix )
+45B 2> +20B 24 2o = 0 |

4SﬁXZX3—|—[31—é(Z)ZX6+6SB szzxx

+ 902, Bex 2o + 90 Bx 2« x> 4 15 B 2> -

+ 2023 Brook + 60 B 22 Zu

+ 60 B Zx Zx Zoox + 15 B 2% Zoox = 0,
B+Ti(2)z* =0, (8)

Bz +Bzzc+aBzl+PBI(2)zd
+ 652 B+ 125By 2 Zx + 35B 20
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+ 45 Brx Zo® 4 60 2y Zx Brock + 4 SPB 2 Zoxx

+ 60 2y B Ziook + 60 B Zxx Ziook + 10 B Zioo®
+ 152, Buooox + 30 B Z Zooox + 15 B Zex Zroo
+68 2 z000x =0

©)

4By zx+T5(2) 28 + B2 =0 , (10)
2Byzy+ Bzy+ 2z Px+ Przx+ 2B oz
+20aPBxzx+ BT7(2) 28 + B2 + 0 B 2
+ 6 SPBxx Zax + 4 SZx Procx + 45 Px Zox (11)
+ 20 By Zox + 15 Zux Broox + SB Zoo
+15ﬁxxz)ooo<+62xﬂ)ooo<x+6ﬁxz>oooo<
+ B zoooox =0
B+Ia(2)z' =0, (12)
Bx2+ﬁ1"9(z)zx5+BBxx:0 ) (13)
By + 2 ox B+ BTi0(2) 2° + Pt + B o 14)
+ o Bxx + SProoox + Broooox =0,
o4y + 052 + BT11(2) 28 + o5 + 0 O 15)

—+ SO0 + Oboooox =0

with I7(2)’s as some functions of z to be determined,
which represent the ratios of the coefficients of dif-
ferent derivatives and powers of w(z) in (4), assumed
functions of z only, to make (4) as an ODE for w(z).

Searching for the formats of a(x,y,t), B(X,y,t),
z(x,y,t) and I7(z)’s, we are able to use the following
remarks without loss of generality [21]:

Remark 1. We reserve uppercased greek letters for
the functions of z to be determined, so that after such
operations as differentiation, integration, exponentia-
tion, rescaling, etc., the result can be denoted by the
same letter.

Remark 2: In determinating a(x,y,t), B(xV,t),
z(x,y,t) and w(z), we are able to exploit three free-
doms, without loss of generality: 1) if a(x,y,t) has
the form a(x,y,t) = o (X, y,t) + B(X, y,t) 2(z), we can
take Q = 0 [by substituting w(z) — w(z) — Q(2)];
2) if B(x,y,t) has the form B(x,y,t) = Bo(X,y,t) 2(2),
then we can take Q = 1 [by substituting w(z) —
W(2)/Q(2)]; and 3) if z(x,y,t) is determined by an
equation of the form Q(z) = zp(x,y,t), where Q(2) is
any invertible function, then we can take Q(z) = z[by
substituting z— Q71(2)]. Each freedom of the three
variables a(x,y,t), B(X,y,t) and z(x,y,t) can be used
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just once in the way of calculations to avoid the loss of
generality.

Combining (8) and (12) with the second freedom in
Remark 2, we get immediately

B=2%,

Substituting (16) into (5) and using the Remarks 1
and 2 yields

L=Tz=-1. (16)

z=0(y,t)x+¢(y,t) with 0(y,t) #0; I3 =0. (17)

Then, substituting (16) and (17) into (6) and using the
Remarks 1 and 2 leads to

S

6 = constant £ 0 ; I = 97 (18)
Equations (7), (10) and (13) reduce to
I3=Is=Is=0. (19)

So far only four equations, i.e., (9), (11), (14)
and (15) are left, which after simplifications look like:

020+ 6°T3+0¢ + 2 =0, (20)
6° I3+ ¢y +26 0 =0, (21)
961—io + Oxx = 07 (22)
910111+aw+ 06+ Oty + O Oty 23)
+ Saxxxx+ (Xxxxxxx == 0
With the Remarks 1 and 2, (22) gives rise to
ax,yt) =A(y,t)+xo(yt) ,  Tio=0, (24)

where A(y,t) and o (y,t) are a couple of differentiable
functions.
Substituting (24) into (20), (21) and (23) yields

021 +6°xc+0¢+0°=—60°T5(2) , (25)
200+ ¢y =—06°3(2) , (26)
02+ 0t + My +xop =011 (2) . (27)

Since z= 6 x+ ¢(y,t) with 6 5 0, but the left-hand
side of (26) is only a function of y and t, we should
have

L) =p , (28)
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where p is a constant. Similar investigations on (25)
and (27) yield

Is(z) = fz+m

where £, 11, v and 7 are also constants. In (26) and (27),
along with (28) and (29), we equate to zero the coeffi-
cients of like powers of x, and with the integration with
respect to t obtain

Mm@ =vz+t, (29)

o(y,t) = —6°¢ = const, (30)
v=0, (31)
6y2
o(yt) =— (p=28)+xt)+yv(t) , (32)
010y2 )
At =——5— (24 °) +8M) +yu(t) . (63
where x(t), v(t), 6(t) and u(t) are all differentiable

functions. Similarly, in (25) with Expression (29),
equating to zero the coefficients of like powers of y
leads to

T=2p%>—9pC+9¢? (34)
1) =2p 6% v(t)-56°Cut) - 2 | (35)
A Ll AGRET

Therefore, we have obtained thefirst set of similarity
reductions of (1), which is

u(')(x,y,t) =
no'- X 2p-50)(p-20)
65xC— 04 5(t)— “gz)z B AURET
+y [2p94v(t)—594év(t)— “/e(t)
+64w |20 ()]

where
2V (xyt) = ex—e— (p—2¢) (38)
+ x(t )+yv( )

and w(z) must satisfy the following 6th order ODE

2p202—-9p02¢ +960%¢2+p 02w — 02W?

39
+ 92(77 + CZ)V\// — 02w’ — swW" — g2wW"" = 0. (39)
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Solution (37), without the last term, appears as the
polynomial in x and y, with certain arbitrary functions
of t involved. On the other hand, the expression of the
last term, along with (38), remains an open question
for the time being until the properties of the above 6th
order ODE have been investigated.

CaseB —Two MoreReductions. z,=0

We use the coefficient of w”, i.e. B2, as the nor-
malizing coefficient for (4), with the assumption that
7, # 0, and after simplifications get

BTi(223°+Bzy+2By+2zh=0,  (40)
B2z + B+ BPu=0, (41)
BIs(2)22 + By +20xBt P )
BTa(2) 2,2 + oy + 052 + 05 + 0 O @3)

+ S0to0x + Olooooxk = 0

with I3(2)’s as some functions of z to be determined.
An observation on (41) indicates that a convenient
assumption is

B=Byt)

Equation (40) is divided by 3 zyz, integrated with re-
spect to y, and combined with Remark 1 and the second
freedom in Remark 2, yielding

with L=0. (44)

(t) /ﬁ(y7t)*2dy+ o(t) with I3 = 0, (45)

where p(t) # 0 and o (t) are a couple of differentiable
functions.

Similarly, (42) is divided by B*, integrated twice
with respect to x, and combined with the first freedom
in Remark 2, giving rise to

x2 Byy(yt)

A = XN + 1Y) — 5

with I3 = 0,

(46)

where 1 (y,t) and p(y,t) are a couple of differentiable
functions.
So far, (43) becomes

2B +214(2) p* +2B° e — 6XB7 1 By
—2B%u By +2%B B By — 2X2 By* Byy

+45° B Byy” +2xB° Ny + 2 B° tyy — 2% Py
+2%2 B By Byyy — X2 B? Byyyy =0,

(47)
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which, when we equate to zero the coefficients of like
powers of x, can be separated out as

X+ 4B By, — 2By Byy + 2B ByByyy — B2Byyyy = 0, (48)

X" 2 Bt By — 3B 1 Byy+ B2 Ny — B Py =0, (49)
X1 B3n? + L(2)p? + B3 — B2uByy
+ Buy =0.

There again exists a couple of subcases to be discussed
respectively, as follows:

(50)

ReductionIl: z =0 and By#0

Equation (48) is integrated with respect to y (with a
vanishing constant of integration), divided by B, inte-
grated again with respect to y (with a vanishing con-
stant of integration), divided by 3y, integrated the third
time with respect to y, and transformed to its exponen-
tial form with the fourth-time integration with respect
toy, so that
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tiable functions. Then, in (49) we can assume that

ny.t =e® Bt , (52)
where g(t) can be calculated as
e -0 - 22 )
Equation (50) now reduces to
L 2AM%u(ny) Hyy(¥;t)
a2 55(1)2 35(1)2
[B(1)+YAM®P p(t)?  [6(1)+YAML)] p(L)

- {zut)&(tw(t) —28(DA/(1)2 —A(1)28" (1)
+ 8AMOA" ) HAO B0 +yA 0] p(0)?]

=0, (54)

the observations on which indicate that we are able to
assume that

-1

) = , 55
st ) a u(yt) B0 (55)
y) = SN e )
ot At
O +yA0) L2 =vzs, (56)
where o(t) and A (t) are a couple of non-zero differen- o(t) =0, (57)
with v defined as a constant and y(t) calculated as
3% vk(t)%g p(t)% F28M) A ()2 + A28 (1) — A(t) [28'(t)A'(t)+8(t)A"(1)]
V/(t) = 4 . (58)
2A(1)
In fact, to this stage we have seen the second set of ODE can be directly integrated out as

the similarity reductionsof (1), with the resulting ODE 9

for w(z) as W) =< vZ5+ ¢z, (60)

W(Z)—vzi=0, (59)

which has been reduced from (4). Furthermore, this

where @ and ¢ are a couple of constants of integration.
Putting everything together, we hereby present a
family of the exact analytic solutions for (1), written as

oy — A2 KFOEE] ol +yanRee)
e [8(t) +yA(t))? 5(t)+yA(t) 5(t)+yA(t) 3A(1) (61)
6(t)+yA(t) AV 281ty / / "
YTk {25(01 (0% +A(1)28"(t) — A(t) [28' (1) A/(t) + 8(t) A (t)]},

which has its rational expression with respect to x and y, with certain arbitrary functions of t involved.
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Reduction IlIl: 2z =0 and pBy=0

This time, (48) is satisfied automatically, while (49)
can be integrated out as

ny,t) =6() +yi(t) ,

where §(t) and A (t) are a couple of differentiable func-
tions.

Then (50) is integrated twice with suitable trans-
formations, Remark 1 and the second freedom in Re-
mark 2, yielding

(62)

B = ~ 50 ){12ﬁ(t)2¢>(t) F12yp(0p (D)
+YB()[66(1)7 +4y3 (DA + YA (1) (63)
+66'(1) +2ya’(t)} }
Ii(2)=0 . (64)

Reduced from (4), the resulting ODE for w(z)
comes out as

w'(z) =0, (65)
which can be solved out, i.e.,
w(z) =vz+ K , (66)

where v and x are a couple of constants of integration.

Hence, we have obtained the third set of the similar-
ity reductions, or another family of the exact analytic
solutionsfor (1), as

uM™(x,yt) =
X[8(t) +yA ()] + B(t) [k~ (1) + vo(t)]
Y —vmlp®) Y [EO°+8 W] (67)
B() 2
Y REWAM+AW] YA
6 12 7

which is also rational with respect to x and y, with cer-
tain arbitrary functions of t involved.
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Three different similarity reductions have been
found, corresponding to the aforementioned three dif-
ferent cases, which are all the possibilities that could
be explored via the Clarkson-Kruskal method.

Conclusions

Symbolic computation is a new branch of artificial
intelligence, with its remarkable feature as the perme-
ation of computer sciences among various fields of
science and engineering. As to such liquid surfaces
as those for oceans, rivers, liquid propellant for rock-
ets and aviation kerosene, people have devoted much
effort. In this paper we have studied the Haragus-
Courcelle-1I’ichev model for the surface of liquid
waves, in the presence of surface tension or sea ice,
with computerized symbolic computation. The results
are the above sets of the similarity reductions, some
of which are explicitly written out as the exact analytic
solutions having their rational expressions with respect
to the dimensionless spatial variables x and y.
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